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of the Characteristic Function of a dan* 

Ernest IT. Adams and K» Duncan Luos 

1«   Introduction 

It is veil known that von Neumann and Uorgenetera   £4 J   proposed 

that the study of u-pereon games he reduced to the study of real-valued set 

funotioss ve called cjifcragteriotla functions, which satisfy 

i.   v($) " 0. 

and    ii« if R and S are disjoint subsets of I • the sat of n players, 

then 

v(RlJs) £ v(R) +• v(s). 

Intuitively, the value v(tt) represents numerioaliy what ws nay term the 

"strength" of the coalition R. The first condition nay be considered as 

at*ting that the null set shall not be of any strategic consequence* and the 

second, that a ooalitios formed from disjoint sets R and S of players can do 

everything that R and S can do separately, end possibly acre. 

Two games v and v' on the set of players I are called S-equivalent 
n ~* 

if there exists a positive constant o and oouatwrts a   such that 

v(R) = cv'(R) -r-   2Zi »,. 
i€H   " 

It Is argued that two S-squivaient games are subject to the same strategic 

considerations sinc9 c changes only tho scale,and the constants a. represent 
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«*ountr paid independently e? th« outoeae of the game and may* i» fact, be 

paid before the game ever begins*   All theories based an the characteristic 

funotion are isv«rieat under S-equivalence. 

One might imagine that theories based on such a structure, oonoerned 

as they must be with the potential of 'various coalitions pitted one against 

another and with the way in which threats of coalition change finally determine 

the payoffs tc the players, would be of considerable significance in both 

economies and sociology;    yet this has not been the case*   There appear to 

be at least two major reasons, aside from the possibility that the character- 

istic funotion representation of oonf11ot-of-interest situations may be too 

simple to oops adequately with mott of them.    First, none of the published 

theories (yon Keuwua and abrgenstern's solutions   [4j , Shapley's value   L&J • 

a&d HJlnor'o reasonable outcomes   £sj ) purports to be a descriptive theory* 

One of the present authors has put forward a theory which attempts to be 

mere dascripfeitrw F2T •    but undoubtedly it •ill h&vs to bs modified before it 

is truly so*   In any case, it would be quite impossible &t present to determine 

empirically whether this, or any other theory, is an adequate descriptive theory, 

for with the exception of contrived experimental situations (see for example 

£ij ) it is not possible practically to ascertain the characteristic funotion 

of an existing situation*   Thus* a second reason that n-porson game theory has 

not been applied is that the only known way to determine the oharaataHatla 

funotion of a game is to obtain the normal form of the game and then to make 

elaborate calculations using the minima* theorem*    Sot only is it next to im- 

possible to find the normal form of a game in an existing situation brxt, eon- 
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sidsrisg the billion* of strategies that are available in any reasonably 

oomplex situation, the ndniaax theorem calculations would be out of the 

question. 

A Mathematician oauixot but have faith that ultimately the first I 
difficulty will fall before ingenuity, but it is not so olear that the second 

- the SBpirloai - difficulty can be overocas*   One appears to be in that peculiar 

but not unocsancm situation where th* probless is solved in principle, but where 

it cannot be handled practically because the math«astioal term "finite" dees I 
not necessarily nest the computer-s prayer that it be «»n«il. The purpose of 

this note is to point out that possibly an approximate solution to this problem 

can be obtained by using a method no more complex than those used to determine 

an approximation to the von Neumann and Uorgenstsrn numerical utility ef a set 

of alternatives and, while this is empirically difficult, it is vastly simpler 

than determining the normal form of a gams and computing from it the character- 

istic function* 

2* The Proposal 

Our idea is very simples a peracn is required to report his prefer- 

ences between pairs of possible coalitions of players, these preference to 

be based Ou hie conception of their relative strengths*  ne shall discuss this 

more fvily later* There Is no assumption made that he knovs the underlying 

nornal fortt of the gans cr ths rase theory analysis of its he oaly states hi* 

subjective evaluaticns of coalition strength - the evaluations whloh presumably 

govern his behavior* If these evaluations satisfy the von Neumann and Horgen- 

stern Kxioia* £4 J and one other plausible axiom^ then we show that there is a 
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set function shlch is closely related ic the utility function determined by 

til* von Beuwana *2& Siorgenstern axioms and which satisfies the two conditions 

oi* « characteristic function* It is argued that this say reasonably be taken as 

th«5 oharacsterlatlo function which the player asuuues the game to have and according 

to which, he acts? It is intuitively olear that eaoh of tha player* =sy yield a 

different characteristic functionj this trill be discussed in §3 • 

tot, A be a set of alternatives among which a person is to choose* 

The set A nay be extended in the following wsy» If B, S € A #.ad if 

0 < f < 1, then   &&• (1- o{ )S/  is tho prospect "alternative B with 

probability o{ and alternati-«c> s with probability 1- *\ •" Let K be the closure 

of A under the operation  w B. (i« «A )&/   • Let " _^ " be a relation defined 

over K* (The rslstion —{  will be Interpreted to mean that if R, S £ K, then 

"B~^ S* if and only if the person imposing -^ on K prefers alternative S 

to alternative B. If R and S are indifferent we write R*v 8, and 3 =^ S 

denotes that S is preferred or Indifferent to B*) If H ha simple ordering 

of K which satisfies the von Neumann and Uorgenstern azioas, nsaely* 

1* if B W S, then B —< ^«< B, (1- o\ )s) 

2. if B )— S, then B J—  ^* B, (1- «< )S/ 

S* if B —i T —i  S, then there exists an c( such that 

<<<B, (l-e( )fi) -< I, 

4* if R ^- T J— a, then there exists an ©^ such that 

^c<B. (1- « )S> J~ T. 

5. ^ Bp  (1- c< )S^   *V     i^U «<)S» C< B^ 

J. ^p^*H,  (1-C()s)   .  (1. J)sN fsj ^><pB,  <1~   <<0   )sV 

P.    If E A/ S, then       /©{ B,  (1- «< )T>   rv /< s, (l- c< )x\ 
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than there exists a family n( —{  ) of real-valued function* defined over K, 

called utility functions, such that for each u£U( -^ ), R and S£K, tad 

0< K<  1, the following conditions are satisfied. 

i. E-< S if and only if u(K) < u(S), 

and    ii. u( ^< R. (l-o<)s) ) = o<u(R) + (1-<* )u(5). 

It oan also bs shown that if »» u* £ "(*H ) «hen u and u' are linearly 

related, !•••, «—\  dstencines the utility function up to a linear transformation 

The problem now is to find a method to determine —4 and to give a 

plausible definition of the characteristic function in terms of the utility 

functions determined by —^ • To do this we shall let A be the set of all sub* 

sets of the set of players I • xhec we have two closely related proposals as 

to how ^i  may be determined over K, now the domain jf riek situations involving 

coalition*. 

Proposal 1- 

An observer* possibly one of the players of the game, is required to 

report his preferences in eaoh possible pair of riek s!ouations under the fol- 

lowing assumptionsi 

!• if he ohouses a coalition E then he will rooeive the total pay.. 

menb that R obtains from the situation in which «R forma a oo&lition and the 

game is played between R and -R* the elteraative h,  the empty sst, is taken 

to mean non-participation, i.e., he will neither win nor lose by the ohoioei 

ii. if he chooses   W R, (1* o< )S > £ K, then with probability 

«( fe» is to receive the payment expected from «a choice of coalition K, and 
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alva u^wb-wili-fcy l-c( he is to receive the p*y=*2* *»•»«v«d from A onoioe 

uf coalition S. 

Let -^ denote the preference relation eo induced on X. 

Intuitively* It does not seem unreasonable to suppose that a oon- 

slstent evaluation of ooalitlon strength should cause —{  to satisfy each of 

the von NeunanzMlorgenstern axioms, Hhile it is unreasonable to expect that 

people will actually be so consistent, one may hope that in sane oases they 

will be approximately consistent, in other words, that our model of a player's 

subjective evaluation of coalition strength is approximately correct. 

If E and S are two non-overlapping coalitions in A, then the 

expected payment to H|Js is at least as much as the sum of the payments to 

3 and S separately* Thus the alternative of receiving the proceeds of R^Js 

with a probability of £ and not participating with a probability of ^ should 

be no less appealing than the alternative of receiving the proceeds of the 

coalition R with a probability of -?? and reoeivlng that of S with a probability 

sf £, provided the variance of the payrent is not relevant. Our second proposal 

does not suffer from such a variance effect* If this intuition is correct, 

then we may assume the further axiom 

8. If &, S € A and fif) £ — \,  then 

{&. is> ^   <KsUs).t^) 
The assumption that this preference relation --1 B&tinfies the 

Ton Neumann and laorgenatera t^ioms implies the existence of the set U( —^  ) 

of utility functions*    It follows innediately from axiom 8 and the properties 

of the utility function that for any u<-B( —*J )8 
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xr «, S f A aa£ 2j jo =» S. thcr. 

u(R) + u*S) £ u(R(Js) -I- u(|). 

Suppose now, that we measure the observer's evaluation cf the coali- 

tion in terns cf deviations Iron not participating in the game at all, i.e., 

for u£U( H )• define 

v(R) m u(S) -tt(|). 

Xt is easy to use the above result about u to show that v is a characteristic 

function. Of course, if u, u*£U( —(), then u and u* are linearly related, 

and so the corresponding v cad v* differ only by a change of scale} hence they 

are S--cqui?alent. It is actually convenient to esl&rgs this class, define 

3(u) to be the set of all set functions 

v(S) 2 e [u(R) -«(|Q +  ZJ *., 
*"     * J    i£R l 

where o is a positive constant and the a^'s are constants. 

Several theorems are easily provedt 

i. if v£C(u), then v is a characteristic function; 

ii; if v€C(u), then v'£C(u) if and only if 

v* is S-equivalent to vt 

ill.   if u, u'£0( —{ )9   then C(u) « c(u'). 

In addition to the Intuitive considerations which suggest that the 

v£C(u) *ith o—l and a. — 0, i.e., v(R) = u(K) -U(0), is a suitable measure 

of the observer's evaluation of coalition strength, we can show this is the ease 

if hs Jsiszsz ths gase structure of the situation and if he bases his evaluations 

on that knowledge. Specifically, suppose the game is known in normal form and 

the characteristic fund ion v is Acterrairicu by the nsthevi given by von Neumann 

. 
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and jaorgenatera  Qi] •   Let • be exter*tea from A to S by the following defini- 

tion 

?( <(* a. (i-c<)s>) * O<Y(E)+ (l-^Ms). 

Bow suppose the observer determines his preference relation aooording to toe 

following (rational) rule 

R-<S if and only if v(R) < v(s). 

It is net difficult to show that —^ satisfies the -von Heuraann and Mc-rgsflstern 

axioms and axiom 8. and hence a class of utility functions U( «-{ ) is determined 

and so a olass C(u), u£U( —^ ), of S-equivalent chum <rh eristic functions is 

also determined* One oan readily show that v£C(u)* Thus* if a player evalu- 

ates the situation aooording to the von Neumann and Morgenstern theory, our 

proposed procedure will determine the olass of characteristic functions S- 

equl-r/slent to vj and if all the players so evaluate the situation* this will 

bs inflected in the faot that all empirically determined oharacteristio funotions 

will be S-ecjui<valent« 

Proposax £• 

AS before• an observer is required to report his preference in each 

possible pair of risk situations* but now under the assuuptionss 

1* if he chooses coalition R» he oan expect to reoeivr the average 

value of payments to players in R, whars the game is played between R and -Rj 

the alternative h is taken to mean non-participations 

it, same as in proposal lj 

Let —{  bs ths preference relation so induced, which in general will 

not be the same as the relation obtained by ths assumptions of proposal 1* 

i  
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Again it is plausible to assume a consistent evaluation of coalition strength 

will cause axioms 1 through 7 to be m»t and, on the basis the$RlJ s» for dis- 

joint R and S, is stronger than R or S separately, it is reasonable to assume 

9. if R, S £ A and RO S — <J, then 

rhere |R| denotes the number of elements in H. From axiom 9 it follows 

immediately that 

if R, S £ A and F-H3 s $» than 

where uCC( —^ )• 

In this oase we defir-** a class D(u), ugU( —^ ), to consist of all 

set functions 

v(R) = e |R| j[u(K) Mb)]    +  2-J a-, 
i€R 

where o is a positive constant and the a* ••' are constants* In the case o ssr l 

and ^ s 0, T(F.) « \R\   £U(R) ~(4)J  i« simply the sum of the utility 

Increases to players in R« Essentially the same theorems hold as in proposal 

1, namely: 

i« If v^D(u), then vita onaraoteristic runotion; 

ii„ if v£D(u)t then v»£D(u) 

if aad only 1? ?! is S-equiv&lent to vj 

iii.    if u, u*€U( -4 ), then D(u) ^ D(u«)j 

iv. suppose a game is given whose characteristic function v is extended 

to K as in proposal 1, and suppose we define —«( so th-t F. —\ 3 



M' ±1 _--IZ—Tl-       ' ~ Vs 

-10- 

4- 

i if sad only If     V&l  <:   ii^A •     ta*« —!  satls£*«e aadona 
- -        fKt   v WT 
1-7 and 9. It follows that U( -^ ) is determined, and Y£D(U), 

where u£ii( —f )• 

V* Discussion 

There la little hopa that judgments of coalition strength by an 

observer vdll in fact satisfy either set of eight axioms, just aa the first 

seven are not generally strictly satisfied by a person'a commodity preferences* 

The pertinent question la another the model holds approximately and whether 

the result* «o obtained, ooupled with a descriptive theory baaed so character- 

iatio functions, lead to suitable predictions. 

He can think of tao other point a whioh will surely be raised and 

which it aeeiaa appropriate to discuss. It nay be objected that our determination 

of the character!sti~ function is entirely subjective and that in all likeli- 

hood it would have little relation to the characteristic function determined 

from the normal form of the game, were wa able to calculate it, in the pr^-sat 

presentations of game theory the subjective factors enter whan the players 

determine a utility function over the set of possible outcomes, and from these 

a uriquB eheracteriatio function is determined* It la not at all obvious, 

eves for a person aware of the utility functions over the possible out comes, 

that he will behave in accordance with the von Nd\tnaxm»Uor^enstern theory* Ha 

may react to his evaluations of ooalltion alternatives more or less independ- 

ently of his evaluations of the outcomes of the game in normal form* But if 

this la the case* then it is » player's subjective characteristic function, and 
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act the objective 000 of the game, which actually determines hia behavior* 

ami vo it will be seeded for predictions of his behavior. 

The last point nay be relevant to aeeount for one of the out- 

standing results of a game experiment run at BAKD £xl . Two Afferent 4- 

person oonstant-sum game* were each presented to subjects in what amounted to 

a 0S1 reduoed form and in an S-wquivalent form. In both eases the data frum 

the two S-equlvalent games were strikingly different, though theoretically 

both games require exactly the same strategic considerations. It appears from 

these data th&t the subjects dealt reasonably adequately with th» strategic 

features when the games were in the 0,1 reduoed form, but that certain super- 

fieial aspects of the mode of presentation led them to a false evaluation of 

coalition strength when the games were presented in the ^-equivalent forms. 

That is to say, probably the subjects were not is fact responding to the given 

characteristic function at all, but to a subjective one which they "derived" 

from the giv»n ono. 

A second objection wbloh can be raised, and one vhioh is of vital 

importance, is that there is little reason to hope that: two different observers 

of the same situation will have evaluations of coalition strengths which lead 

tc the same or S-equivalent characteristic functions. Should two different 

evaluations arise, none of the current theories will be applicable since they 

deal only with a unique characteristic function. It is not at nil certain that 

this is a criticism of the present proposal rather thru s& observation that game 

theory, as a descriptive theory, may be over-simple, at least with regard to 

the current assumption that all players respond to the seme characteristic 
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function derive from their different etelvwusioas of possible outcomes* 

These resmrke uuggest that there rasy b* ft need for tiro theoretical 

developments*   First,, assvsing that each player of a gams; besee his action* 

la the situation on hie own characteristic function, ?n equiiibriw theory 

describing the payments end coalitions *Moh nay be expected should be 

developed*   Second* the notion of the normal fornv of a game should be modified 

in sueh a way that one can derive from it a distinct aharaeterlstlo function, 

for each player*   Sueh a theory probably should include as a special case the 

ven Neumann and Ksrgenstern reduction of ths normal form to a single character- 

istic function*   One simple possibility is to assume that each of the players 

has his own utility function over the possible outcomes and that he has beliefs 

as to the utility functions of the other players, beliefs which will in general 

be in error*   This assumption results in an objective normalised game and 

for each of the players a fictional game which in the one he believes to exist. 

Issusdng %im.t each player responds only to hie belief e, there is associated 

with him the ohaxmotierietic function of the fictional game.    If eaoh of the 

fictional games is identical to the objective game, then the theory reduces to 

the voa Neumann and Uorgenstern one* 
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